We consider α ′ corrections to the one-loop four-point correlator of the stress-tensor multiplet in N = 4 super Yang-Mills at order 1/N 4 . Holographically, this is dual to string corrections of the one-loop supergravity amplitude on AdS 5 ×S 5 . While this correlator has been considered in Mellin space before, we derive the corresponding position space results, gaining new insights into the analytic structure of AdS loop-amplitudes. Most notably, the presence of a transcendental weight three function involving new singularities is required, which has not appeared in the context of AdS amplitudes before. We thereby confirm the structure of string corrected one-loop Mellin amplitudes, and also provide new explicit results at orders in α ′ not considered before. 1 A first generalisation to the one-loop supergravity Mellin amplitude for the O 2 O 2 O p O p family of correlators was made in [33], complementing the general position space approach of [32].
Introduction
There has been much recent progress on using the AdS/CFT correspondence to understand the nature of AdS bulk gravitational dynamics by imposing consistency of the boundary conformal field theory. A particular example which admits a simple enough structure to allow for explicit results is the archetypal example of the AdS/CFT correspondence with boundary theory given by N = 4 super Yang-Mills theory in the large N and strong 't Hooft coupling limits, and the bulk theory given by IIB superstring theory on AdS 5 × S 5 .
The natural objects to consider in the first instance are the four-point functions of half-BPS operators. In the supergravity regime, the large N expansion corresponds to the loop expansion in the bulk theory. The leading order is given by disconnected contributions, 1/N 2 corrections correspond to tree-level bulk interactions and 1/N 4 corrections to one-loop bulk contributions etc. At each order in 1/N 2 the amplitude is a function of the 't Hooft coupling λ = g 2 N and we may further expand the loop amplitudes for large λ. The leading terms may be identified with supergravity contributions and subleading terms with string corrections.
This subject has been well studied since the very early days of the AdS/CFT correspondence. For example some explicit tree-level results were obtained from considering bulk Witten diagrams [1, 2, 3] or related methods [4, 5, 6] . The AdS/CFT correspondence also sparked much activity in investigating the structure of the N = 4 superconformal theory [7, 8, 9, 10, 11] . Among the more recent results on the subject is a general Mellin space formula for tree-level supergravity correlators of arbitrary external charges [12, 13] . This was later confirmed by explicit computations in a large number of cases [14, 15] .
From tree-level data, one can analyse the spectrum of exchanged operators, which at leading order is a degenerate set of double-trace operators. After solving the mixing problem of supergravity anomalous dimensions [16, 17] , a surprisingly simple pattern emerges, revealing a partial residual degeneracy. This residual degeneracy in the supergravity spectrum is explained by the recent discovery of a hidden ten-dimensional conformal symmetry, which enables one to generate tree-level correlators of arbitrary charge half-BPS singleparticle operators from a single generating functional [18] . A similar structure seems also to be present for holographic tree-level correlators in AdS 3 [19] .
Many new results concern further α ′ ∼ λ − 1 2 corrections to the supergravity results. Using various methods such as comparison to the flat-space limit [20, 21] or supersymmetric localisation [22] , the family of O 2 O 2 O p O p correlators has been addressed up to order λ − 5 2 . Interestingly, some of the ten-dimensional structure observed in [18] seems to carry over to string corrected tree-level correlators. In particular, the flat space limit determines correlators with arbitrary external charges at order λ − 3 2 , and simple patterns arise in the string corrected anomalous dimensions [23] .
In addition to the recent progress and emergence of beautiful structures at tree level, there have also been advances in understanding contributions to one-loop amplitudes in AdS (e.g. in [24, 25, 26, 27, 28] ). Recently a number of papers have addressed the structure of one-loop IIB supergravity amplitudes in AdS 5 × S 5 [29, 30, 31, 32, 33] . Progress has been made on two fronts, with e.g. [30, 31, 32] focussing on the structures in position space, while e.g. [33] has explored at one-loop order the Mellin representation that was so fruitful at tree-level.
Further progress was made in Mellin space including string corrections for the simplest example of half-BPS correlators, the O 2 O 2 O 2 O 2 correlator [34] . 1 However, an explicit position space representation for the string corrected one-loop amplitude is still missing, which is the purpose of this paper. In order to find such a representation we return to the position space bootstrap and conjecture the form of the position space amplitude. To this end we introduce a basis of polylogarithmic functions, many of which are familiar from the position space representations of the one-loop supergravity amplitudes. In some sense the string corrections to the one loop amplitudes are even simpler than the supergravity contributions, as the transcendental weight required is actually lower. The supergravity amplitudes require functions up to weight four while the string corrections (essentially due to the finite spin support of the spectrum) require only weights up to three. However, we find that we necessarily need a new ingredient, a weight three function f (3) with a more general set of singularities (or 'letters'). While we derive explicit results only for the first few orders in the 1/λ expansion, the form of our one-loop bootstrap ansatz is in fact valid to all orders.
We are also able to make direct contact with the Mellin space results of [34] , writing the spacetime expressions in a form in which they can be immediately expanded about the limit of the light-like square where the cross-ratios u and v are both small. In this way we confirm our position space results are consistent with the order (α ′ ) 3 results of [34] . We then provide new results in spacetime and in Mellin space for higher orders.
We are interested in the four-point correlator of the stress-tensor superprimary, which is a superconformal half-BPS operator of conformal dimension two, given by
where y i is an auxiliary so(6) vector obeying the null condition y · y = 0, such that O 2 is in the traceless symmetric representation [0, 2, 0] of su(4). This operator is dual to the graviton supermultiplet, whereas its higher charge versions O p are dual to a tower of Kaluza-Klein modes which arise from the ten-dimensional graviton upon compactification on the S 5 factor of the AdS 5 ×S 5 background. We consider the four-point function O 2 O 2 O 2 O 2 , which is constrained by superconformal symmetry to take the form [8, 10] 
where the propagator factors g ij = y 2 ij /x 2 ij (with y 2 ij = y i · y j ) carry the conformal weight and the scaling weights y i of the correlator. For convenience, we divide the correlator by a factor of (N 2 − 1) 2 such that its free part is then given by the following crossing symmetric combination of six propagator structures: .
(1.4)
The dependence of the interacting part on the su(4) variables y andȳ is completely fixed by the superconformal Ward identities, taking the factorised form shown above with the factor I given by
The function H is then independent of the internal variables, which is a feature of the
it is the only piece of the correlator which depends on the gauge coupling g YM , thus containing all the non-trivial dynamics of the theory. In order to respect the full crossing symmetry of the correlator, H obeys the crossing transformations
This fact will be central to our bootstrap approach discussed later, as it places strong constraints on the functional form of H. We will study this correlator in the supergravity limit, where one first takes the large N limit with the 't Hooft coupling λ = g 2 YM N fixed, and then expands each term around large λ. To be concrete, we expand H in a double expansion of the form
where we use a = 1/(N 2 − 1) as our large N expansion parameter. The first term, H (0,0) , is the contribution from disconnected free field theory. At first order in a, it receives tree-level corrections from supergravity, with H (1,0) denoting the well known supergravity result [4, 9] , followed by an infinite tower of 1/λ suppressed string corrections H (1,k) . The structure of this 1/λ expansion is related to the low-energy expansion of the tree-level type IIB string amplitude in ten dimensions, the so called Virasoro-Shapiro amplitude, via the flat-space limit of the Mellin amplitudes corresponding to H (1,k) [35, 36] . In other words, the 1/λ expansion arises from contact interaction vertices in the string theory effective action, where the order λ − 3 2 and λ − 5 2 terms descend from dimensional reduction of the R 4 and ∂ 4 R 4 supervertices, respectively. For higher corrections with k ≥ 5, λ − k 2 corresponds to the ∂ 2k−6 R 4 vertex, such that H (1,k) is non-zero for k ∈ {0, 3} ∪ {5, 6, 7, . . .}. The flat space limit was used in [20] to determine the first two string corrections, i.e. for k = 3, 5. These results were recently generalised to correlators of the form O 2 O 2 O p O p by using the bulk-point limit [21] and supersymmetric localisation [22] , and at order λ − 3 2 to correlators with arbitrary external charges O p O q O r O s [23] .
Here we will be interested in the order a 2 terms of the expansion (1.7), which correspond to one-loop amplitudes in AdS 5 . The one-loop supergravity amplitude H (2,0) was derived in [30] , while its Mellin space representation was obtained recently in [34] . Moreover, the structure of string corrections at one-loop was addressed in that work in Mellin space, as we will briefly review in Section 3. The purpose of this paper is to construct the explicit position space expressions H (2,k) , which we discuss in detail in Section 2.
Lastly, the interacting part admits a decomposition into superconformal blocks. In this case the expression for the block expansion is simply
where the sum runs over all long superconformal primaries with half-twist t ≡ (∆ − ℓ)/2 and spin ℓ which are present in the su(4) singlet representation in the OPE of
The A t,ℓ are squared three-point functions, G t,ℓ is related to the four-dimensional conformal block and is given by [37, 38] 
being the standard hypergeometric function.
In the double expansion (1.7) around the supergravity limit, the leading contribution to the spectrum of exchanged operators is given by unprotected double-trace operators of classical dimension ∆ (0) = 2t+ℓ and even spin ℓ. Generically, there are many such operators with the same quantum numbers, leading to a mixing problem. In the singlet channel and for a given half-twist t, there are t − 1 such operators of the form
which we label by i = 1, . . . , t − 1. Their dimensions admit the expansion
(1.11)
The above mixing problem has been addressed at leading order, resulting in explicit formulae for their leading order three-point functions A (0) t,ℓ,i and a compact formula for their supergravity anomalous dimensions η (1,0) i [16, 17] . Further 1/λ corrections to the spectrum of double-trace operators have been addressed in [23] , revealing surprisingly simple patterns in their string corrected anomalous dimensions η 
Bootstrap method in position space
We begin by reviewing how to obtain the so called double discontinuity (i.e. the log 2 u-piece of the correlator) from tree-level data only. The double discontinuity, in particular in the context of holographic correlators, has recently received a lot of attention. Namely, it is the central object from which one-loop OPE data can be extracted without first constructing the full one-loop correlator [39] . As we discuss in Section 2.2, this then allows us to pose a well-defined bootstrap problem, whose solution completely determines the one-loop correlators H (2,k) from a given double discontinuity H (2,k) | log 2 u , up to a finite number of well understood ambiguities. Notably, a new ingredient enters our ansatz of transcendental functions: it turns out that a certain function of transcendental weight three with a new type of singularity has to be included. We describe this new ingredient in Section 2.3.
String corrected double discontinuities
Let us start by discussing the specific form of the double discontinuities which arise in the 1/λ expansion of the one-loop correlator at order a 2 . Crucially, the double discontinuity is fully determined by tree-level data through the conformal block decomposition (1.8). More explicitly, we can compute the log 2 u part of H (2,k) from spectral data at order a: 3
where we have introduced the notation
being the tree-level anomalous dimensions at order λ − m 2 , and i labelling the set of exchanged double-trace operators (1.10). Recalling equation (1.7) and the discussion below, the general structure of the 1/λ expansion at order a demands that the integers k, m, n in the above equation are drawn from the set {0, 3}∪{5, 6, 7, 8 . . .}, with the constraint m+n = k. Note that when k is large enough to accommodate for different partitions into (m, n), we get more than one contribution to the double discontinuity at that order in 1/λ. 4 See also Table 1 for the first few one-loop terms in the 1/λ expansion.
The supergravity double discontinuity D 0|0 was explicitly computed in [30] , where it was used to reconstruct the full one-loop function H (2, 0) . 5 In contrast to the supergravity case however, it turns out that the string corrected double discontinuities (D m|n with m, n = 0) resum into expressions of up to transcendental weight one only, compared to up to weight two terms in supergravity. The reason for this is the spin truncation in the string corrected spectrum. To be explicit, these double discontinuities are of the form
where the odd denominator power is given by q = 2(m + n) + 15 and p 1 , p 2 are symmetric polynomials in (x,x) of the same degree as their denominator. This simple structure for the double discontinuities was already obtained in [21] 6 , and we find complete agreement with their results by performing the sum (??) for different cases. Note that the double discontinuities have a symmetry under the 1 ↔ 2 crossing transformation, which acts on the cross-ratios as x → x ′ ≡ x/(x − 1), and similarly forx. This symmetry is inherited from the full crossing symmetry of the O 2 O 2 O 2 O 2 correlator as it survives the s-channel OPE decomposition (1.8). As a formula, we have
In the following, we provide an algorithm on how to uplift the double discontinuity D m|n to the corresponding fully crossing symmetric function H (2,k) (u, v).
The bootstrap problem
In order to simplify the crossing transformations (1.6) of the interacting part H(u, v), we introduce an auxiliary function F by
5)
such that F (u, v) transforms without picking up any prefactors under crossing:
Evidently, F inherits an analogous double expansion as H in (1.7). Guided by the explicit form of the double discontinuities as given in (2.3), we propose the following structure for the functions F (2,k) (k > 0):
(2.7) 6 In this reference the authors also propose a basis of special functions S (q) ℓ , into which all string double discontinuities D m|n can be decomposed.
The main new feature of this ansatz is the presence of f (3) (x,x), which is an antisymmetric single-valued function of transcendental weight three. As this function is new in the context of AdS amplitudes, involving a new type of singularity compared to the previously known supergravity case, we will describe it in more detail in the next section (see also Appendix A).
On the other hand, the function φ (1) (x,x) is the well-known one-loop massless boxintegral in four-dimensions. 7 It is an antisymmetric weight-two function given by
and obeys the symmetries
Note that a very similar type of ansatz in terms of ladder functions was used before to bootstrap one-loop supergravity contributions to various correlators, see [30, 31, 32] . Let us highlight the two main differences of our ansatz (2.7) to the one-loop supergravity case:
• The ansatz for F (2,k) (u, v) presented above has maximal transcendental weight three, compared to up to weight-four contributions in supergravity. This difference is ultimately a consequence of the spin truncation of the string corrected spectrum. A truncation to finite spin produces resummed double discontinuities of the form depicted in (2.3), which has terms of maximal weight one. In contrast, the supergravity spectrum has infinite spin support, resulting in up to weight-two contributions in the corresponding double discontinuity.
• As mentioned before, the presence of the function f (3) (x,x) is a novelty in the context of AdS amplitudes. However, one can already see from the structure of the double discontinuities D m|n that a new ingredient is required: as we will discuss shortly, an ansatz with ladder functions only would enforce a structure on the p m|n 2 polynomial of D m|n which is not observed from direct resummations. We are therefore led to conclude that we need a new contribution in our ansatz, which we denote by f (3) (x,x) and whose full characterisation we postpone to Section 2.3.
Finally, in order to ensure both the exchange x ↔x and the full crossing symmetry (2.6)
is the first member of the more general series of ladder functions φ (l) (x,x) [41] .
of F (2,k) (u, v), the coefficient functions A i (x,x) obey the following symmetries:
(2.10)
Additionally, each of the coefficients A 2 (x,x) and A 5 (x,x) obey one more constraint:
(2.11)
The above transformation properties as well as the form of the double discontinuities constrain the coefficient functions to be of the general form
where d = 2k + 11 (d = 2k + 10) in case A i is antisymmetric (symmetric) under x ↔x.
Recall the relation k = m + n, where m, n label the double discontinuity D m|n at order λ − k 2 . Note that the difference between the denominator powers d here and q in (2.3) is due to the explicit (x −x) 4 factor in the definition of F , according to equation (2.5).
This completes the description of our ansatz for the one-loop string amplitudes F (2,k) . Next, we continue by describing the conditions we impose in order to constrain the free parameters in the ansatz (2.7) described above.
Constraining the free parameters
In analogy to the position space bootstrap method for one-loop supergravity correlators [30, 31, 32] , there are two steps in constraining the free parameters a i rs in our ansatz:
1. Matching the double discontinuity:
The contribution of our ansatz (2.7) to the log 2 u term is given by
(2.13)
Matching this against the corresponding double discontinuity D m|n fully fixes the coefficient functions A i (x,x) for i = 1, 2, 3.
It is a fact that the polynomials p m|n 2
in the resummed double discontinuities do not obey the first line of (2.11), and hence we require a non-zero contribution from the new weight-three function f (3) (x,x) with coefficient A 1 (x,x).
Pole cancellation:
The ansatz for the function H (2,k) = u 2 (x−x) 4 F (2,k) contains explicit denominator factors, potentially giving rise to up to q poles at x =x. Demanding that the full function H (2,k) is free from such unphysical poles is what we mean by pole cancellation. Concretely, by imposing as many zeroes between the functions in the numerator of F (2,k) as there are poles we find further non-trivial constraints amongst the remaining free parameters in A 4 (x,x), A 5 (x,x) and A 6 (x,x).
Carrying out the above two steps yields a definite answer for H (2,k) , and we are left with only a small number of remaining free parameters. We call these functions which pass all of the above constraints, and whose coefficients we therefore are not able to determine, ambiguities.
By construction, the ambiguities do not contribute to the double discontinuity, are fully crossing symmetric by themselves and free of unphysical poles. 8 They are given by (linear combinations of) D-functions with their (x −x) denominator power bounded by the corresponding denominator in the ansatz for A 4 (x,x) in (2.12): d = 2k + 11. We find that the ambiguities have finite spin support, and hence they are most conveniently described in Mellin space because their Mellin amplitudes are only polynomial. We therefore postpone the general discussion of ambiguities to Section 3.2, where we give a full classification in terms of polynomial Mellin amplitudes. For now, we simply list the total number of ambiguities and their maximal spin contributions ℓ max for the first couple of orders in the 1/λ expansion in Table 1 .
Results
Following the bootstrap construction outlined above, we explicitly computed the full oneloop amplitudes H (2, 3) and H (2, 5) , as well as the contributions to H (2, 6) , H (2, 8) and H (2,10) Table 1 : List of one-loop terms in the 1/λ expansion and their corresponding vertices in the effective string theory action, where S stands for an insertion of the supergravity anomalous dimension. We give the denominator powers q = 2k + 15 of the space-time functions H (2,k) , the total number of ambiguities N amb as well as their maximal spin support ℓ max . Note that in general there can be more than one term contributing to the same order in 1/λ, the first occurrence of this happening at order λ −3 .
which descend from the double discontinuities D 3|3 , D 3|5 and D 5|5 , respectively. In all cases the results are in agreement with the general patterns described in Table 1 . For the amplitudes H (2,k) with k = 3, 5, 6, we attach the corresponding lists of polynomials A i (x,x) in an ancillary file to the arXiv submission. From these position space results, one can then extract further subleading spectral data. However, as a consequence of the degeneracy in the double-trace spectrum discussed around equation (1.10), this is possible only for the lowest twist contribution, where there is a single operator. We computed the order a 2 λ − 3 2 and a 2 λ − 5 2 one-loop anomalous dimensions η (2,3) and η (2, 5) at twist four, finding agreement with the results of [22] .
A new ingredient: f (3)
In finding a suitable crossing symmetric function which matches the double discontinuity, we encountered the need to include functions beyond the ladder class encountered at one loop in the supergravity results described in [30, 31, 32] . In fact the new function is both simpler, in that it is of transcendental weight three only, and more complicated, as it involves new singularities ('letters') of the form x −x not found in the ladders. It is also single-valued in the same sense as the ladder functions e.g. φ (1) (x,x) given in eq. (2.8).
We may characterise f (3) by its total derivative,
together with its symmetry property,
It also obeys antisymmetry under the crossing transformations
Up to to adding a linear combination of single-valued HPLs it can be identified with the weight three function called Q 3 found in [42] . Functions with the same type of singularities are also needed in perturbation theory to describe the correlators of half-BPS operators at three loops [43, 44] . We may make the log u discontinuities of f (3) (x,x) more transparent by writing
where thef (k) have no log u discontinuities. The double log u discontinuity is given bỹ
as already indicated in equation (2.13). The single log u discontinuity can also be simply integrated to obtaiñ
The log 0 u term can be integrated in terms of hyperlogarithms (or Goncharov polylogs). We discuss this more in Appendix A where we also discuss various techniques for writing the function in a form suitable for comparison to Mellin representations of the one-loop string amplitude, which we address in the next section.
Comparison with Mellin space
The Mellin space formalism [45, 46, 35, 47] has turned out to be an efficient framework for constructing holographic correlators, as it makes manifest the analytic structure of the correlator. Considering the bootstrap problem for correlators at strong coupling in Mellin space has led to a wealth of new results at tree-level and more recently also at one-loop, both of which we briefly review in this section. In particular, we verify that our position space results for one-loop string amplitudes are in agreement with the Mellin space structures found in [21] , and we furthermore provide a number of new explicit Mellin amplitudes at higher orders in 1/λ. The Mellin representation of the interacting part is defined by the integral transform Furthermore, the Mellin amplitude inherits the same strong coupling expansion (1.7) from H(u, v). The only subtlety is that the disconnected free theory contribution H (0,0) has vanishing Mellin amplitude; it is instead recovered by the correct choice of integration contour, see [13] for further details. Hence M(s, t) admits an expansion of the form
We start by first reviewing the tree-level terms M (1,k) , which will then be useful in Section 3.2 for the discussion of the ambiguities our position space bootstrap method is not able to fix. Lastly, we describe the general structure of the one-loop Mellin amplitudes M (2,k) , providing a new result for M (2, 5) and partial results at orders k = 8, 10.
Review of tree-level Mellin amplitudes
Tree-level Witten diagrams take a particularly simple form when represented in Mellin space. In the case of tree-level supergravity, they are rational functions of the Mellin variables with a prescribed set of poles, which correspond to exchanged single-trace operators in a particular Witten diagram. Beyond supergravity, further string corrections are even simpler in Mellin space, as their Mellin amplitudes are only polynomial.
In our conventions, the Mellin amplitude of the well known tree-level supergravity result H (1, 0) is given by [20] M (1, 
, (3.4) which was then generalised to a compact formula for all tree-level four-point functions with arbitrary external charges [12, 13] . String corrections to the supergravity result descend from higher derivative interaction terms in the AdS 5 ×S 5 effective action, which are of the schematic form ∂ 2n R 4 . They give rise to contact Witten diagrams with spin truncated conformal block decompositions, and hence have polynomial Mellin amplitudes. A basis of polynomial Mellin amplitudes obeying the crossing equation (3.2) is given by the monomials σ p 2 σ q 3 , where σ n ≡ s n + t n +ũ n [48] . The conformal block decomposition of such a monomial has finite spin support, with only even spins ℓ ≤ ℓ max = 2(p + q) contributing. At a given order λ − k 2 in the 1/λ expansion, the Mellin amplitude M (1,k) is of the form σ p 2 σ q 3 + subleading terms, (3.5) with p, q such that k = 3 + 2p + 3q. The first two string corrections (for k = 3, 5) have been addressed before using various methods [20, 21, 22] 
One-loop ambiguities
Before discussing the structure of one-loop Mellin amplitudes, let us describe the ambiguities which are left unfixed by our position space bootstrap method. They are exactly of the form of tree-level string amplitudes which can be written in the basis of monomials σ p 2 σ q 3 as discussed above, and hence we address them here.
At one-loop order, the structure of the 1/λ expansion follows from the low-energy expansion of the ten-dimensional genus-one IIB superstring amplitude [49] , leading to a different counting of the powers in 1/λ: along with an additional factor of a = 1/(N 2 − 1), it is simply shifted by a power of λ 2 compared to the tree-level expansion. 10 In other words, at one-loop order a 2 λ − k 2 , one finds contributions of monomials σ p 2 σ q 3 with 2p + 3q ≤ k + 1, in comparison to 2p + 3q ≤ k − 3 at tree-level. 9 In [21, 22] , the authors consider more general correlators of the form O 2 O 2 O p O p at the first two orders λ − 3 2 and λ − 5 2 . At order λ − 3 2 , a generalisation to the correlator with arbitrary external charges was achieved in [23] . 10 In fact, this results in a constant Mellin amplitude contributing to a super-leading power at order λ 1 2 , whose coefficient was fixed in [50] .
In the supergravity case (k = 0), there is a single one-loop ambiguity with constant Mellin amplitude, whose coefficient α was left unfixed in the result for H (2, 0) in [30] . Recently, its value was determined by using supersymmetric localisation to be [50] α = 60.
(3.7)
Finally, we fully characterise the one-loop ambiguities which arise in the string corrected correlators H (2,k) . According to the counting mentioned above, these ambiguities are enumerated by pairs of integers (p, q) such that 2p + 3q ≤ k + 1. By combining the above arguments, we can parametrise the set of ambiguities at any order λ − k 2 by
where the primed sum is over p and q such that 2p + 3q ≤ k − 1. The total number of ambiguities N amb (k) can be computed by expanding the generating function
For the first couple of orders in the 1/λ expansion, we give the total number of ambiguities and their maximal spin support ℓ max in Table 1 .
Mellin amplitudes at one-loop
Let us now turn our attention to the structure of one-loop Mellin amplitudes for the O 2 O 2 O 2 O 2 correlator, which has only recently been addressed for the first time in [34] . The Mellin space approach is complementary to the bootstrap method in position space, as employed in [30, 31, 32] for one-loop supergravity, and as outlined in the above Section 2 for one-loop string corrections. We will give a short review of the known Mellin space results, both for one-loop supergravity and one-loop string corrections, and show agreement with our results in position space.
One-loop supergravity
The one-loop supergravity Mellin amplitude is given in terms of the double infinite sum
with constant coefficients c mn = c nm given in equations (30) and (31) of [34] . Note that the simultaneous double poles in s and t in the above expression are necessary to reproduce the log 2 (u) log 2 (v) part of the position space double discontinuitiy D (0|0) . Quite surprisingly, it turns out that any additional single poles are absent from M (2, 0) , and therefore the entire Mellin amplitude can be fixed by matching against the double discontinuity D (0|0) .
Recently, a generalisation of this result to the O 2 O 2 O p O p family of correlators was given in [33] , where an analogous absence of single poles in the Mellin amplitude was observed.
One-loop string corrections
The general structure of all one-loop string Mellin amplitudes M (2,k) was proposed to be of the form
with the constraint f m|n (s, t) = f m|n (s,ũ), (3.12) to ensure crossing symmetry of the full Mellin amplitude M (2,k) (s, t). Instead of using the usual digamma function ψ 0 (w) as in [34] , we define a shifted digamma function ψ 0 (w) ≡ ψ 0 (w) + γ E , such that the unphysical Euler-Mascheroni constant γ E does not appear in the position space representation after performing the Mellin integration of M (2,k) (s, t). Note that for integer values n ∈ N, ψ 0 (n) is then simply related to the harmonic numbers by ψ 0 (n) = H n−1 .
In the above formula (3.11) , f m|n (s, t) is a polynomial in s and t. The order in s of this polynomial is bounded by m + n + 1, while the order in t is determined by the maximal spin contribution ℓ max of the corresponding double discontinuity D m|n , given by 11
(3.13)
By matching the double discontinuities D (0|3) and D (3|3) at orders λ − 3 2 and λ −3 , respectively, one can determine the corresponding polynomials f m|n (s, t) to take the forms [34] f 0|3 (s) = −8ζ 3 126s 4 − 1288s 3 + 5544s 2 − 11552s + 9600 ,
where we made the overall normalisations consistent with our conventions. Note that both of the above amplitudes do not depend on t, in agreement with the spin truncation of the R 4 vertex to spin ℓ max = 0. By explicitly performing the Mellin integration in a series expansion around small (u, v), we verified that the above Mellin amplitudes are in agreement with our position space results obtained by the bootstrap approach described in Section 2.2, thus confirming the appearance of the weight-three function f (3) (x,x). By using the order λ − 5 2 data of the O 2 O 2 O p O p family of correlators from [21, 22] , we can furthermore provide some new results. For example, we can compute the double discontinuity D 0|5 , resulting in Note that the orders of the polynomials f m|n given above all fit into the general pattern described earlier.
Before concluding, let us mention once more that we checked agreement between our position space results and the Mellin space approach described here. Such a comparison can be easily performed in a series expansion around small (u, v) by using the explicit representation (A.9) of f (3) which is suitable for this expansion.
Conclusions
In this paper we have addressed the problem of constructing one-loop string corrections to the four-point correlation function of the stress-tensor multiplet in N = 4 SYM. In particular, we describe a position space bootstrap algorithm which relies only on the knowledge of the corresponding double discontinuity at a given order in 1/λ. While we provide explicit results for the first few orders in the 1/λ expansion, the form of our one-loop ansatz is in fact valid to all orders. Our results for the final one-loop correlators are fixed up to a finite number of ambiguities, which can be fully characterised in terms of their polynomial Mellin amplitudes.
Our work complements the Mellin space approach of [34] , where a basis for the polynomials f m|n (s, t) was described. Therefore, at least up to one-loop, the position and Mellin space approaches are essentially interchangeable by comparison of the small (x,x) and small (u, v) expansions as explained in more detail in Appendix A. The position and Mellin space approaches each have advantages and disadvantages. For example, comparably simple structures emerge when considering one-loop amplitudes in Mellin space, whereas their space time equivalents turn out to be rather involved. Also, the connection to ten-dimensional physics is given very directly in Mellin space through the flat-space limit, which has been explored in many references, e.g. [35, 47, 36, 51, 20] . On the other hand, the ansatz of transcendental functions for the position space amplitudes makes their singularity-structure very explicit, while this is quite obscure from a Mellin space point of view. In particular any analytic continuation or kinematic expansion (e.g. the OPE) that one may wish to perform is straightforward from the spacetime point of view.
Indeed, we have found that a new weight-three function is required in our ansatz, compared to the analogous bootstrap approach for one-loop supergravity correlators [30, 31, 32] . This function involves a new type of letter (or logarithmic singularity), x −x, which is not present in the supergravity case. The appearance of f (3) (x,x) provides a first understanding of what type of functions will appear in loop-amplitudes of string theory on AdS. It would be interesting to explore whether the set of singularities found so far, namely {x,x, 1 − x, 1 −x, x −x}, is sufficient for the description of higher loop-amplitudes, or whether new letters have to be included.
As our bootstrap approach leaves a finite number of ambiguities unfixed, we have to rely on other methods in order to determine their values. One such possible avenue is provided by supersymmetric localisation, which was used in [50] to fix the single ambiguity in the supergravity result of [30] . It would be interesting to see whether this or any other method can fix the one-loop ambiguities which arise in the 1/λ expansion.
Finally, there are further interesting open questions which can be addressed. A logical next step is to attempt the generalisation of the results presented here to correlators with more general external charges. Following the great progress for tree-level correlators [12, 13, 21, 22, 23] , this has already been pursued at one-loop in the supergravity case, both in position space [31, 32] and recently also in Mellin space [33] . Inspiration on how to make progress in this direction might again come from tree-level supergravity, where a hidden ten-dimensional conformal symmetry provides a generating functional for the arbitrary-charge correlator in terms of the O 2 O 2 O 2 O 2 correlator [18] . In fact, it is possible to write the double discontinuities D m|n with an eight-order differential operator ∆ (8) pulled out, which is reminiscent of the ten-dimensional symmetry. In the case of one-loop supergravity, this statement can be uplifted to the full correlator: up to treelevel-like terms, the one-loop correlator can be written as ∆ (8) acting on a much simpler "pre-amplitude" [32] . In the recent Mellin space result of [33] , this statement manifests itself in the fact that additional single poles in the Mellin amplitude are absent, such that the full Mellin amplitude is essentially determined by the double discontinuity only. 12 It would be interesting to investigate whether this differential operator can be used to generalise the construction presented here to more general correlators. This can be easily integrated in terms of weight three harmonic polylogarithms [52] with the condition thatf (3) (0, 0) = 0, We may write df (3) (x, 1 −x) = −2φ (1) (x, 1 −x) + 1 2 log 2 v − log u log v d log x + −2φ (1) 
We can then make manifest all the logarithmic singularities in log u and log v as follows, The function g (2) can be expressed as follows,
To write a formula for g (3) it is helpful to use hyperlogarithms, G w (t) which depend on a word w = a 1 a 2 . . . a n in letters a i and a variable t. The function whose word a just a string of n zeros is a power of log t, G 0 n (t) = 1 n! log n t . Using these hyperlogarithms we can write an expression for g (3) by integrating the total derivative and fixing the term proportional to ζ 3 from (A.6), Although it is not manifest from the above formula g (3) is symmetric, g (3) (x,x) = g (3) (x, x). The apparent asymmetry is simply due to a choice of the contour of integration (first in the x direction, then thex direction).
